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ABSTRACT
Timing of the Crab and Vela pulsars have recently revealed very peculiar evolutions
of their spin frequency during the early stage of a glitch. We show that these differ-
ences can be interpreted from the interactions between neutron superfluid vortices and
proton fluxoids in the core of these neutron stars. In particular, pinning of individual
vortices to fluxoids is found to have a dramatic impact on the mutual friction between
the neutron superfluid and the rest of the star. The number of fluxoids attached to vor-
tices turns out to be a key parameter governing the global dynamics of the star. These
results may have implications for the interpretation of other astrophysical phenomena
such as pulsar-free precession or the r-mode instability.
Key words: stars:neutron – pulsars: individual (PSR B0833−45, PSR B0531+21)
1 INTRODUCTION
Pulsars are neutron stars (NSs) spinning very rapidly with
extremely stable periods. With relative delays as small as
10−21, some pulsars outperform the most accurate terres-
trial clocks (Milner et al. 2019). Nevertheless, irregularities
have been detected in long-term pulsar timing observations.
In particular, some pulsars have been found to suddenly spin
up. Such ‘glitches’ in their rotational frequency Ω, ranging
from ∆Ω/Ω ∼ 10−9 to ∼ 10−5, are sometimes accompanied by
an abrupt change of the spin-down rate from |∆ ÛΩ/ ÛΩ| ∼ 10−6
up to ∼ 10−2 (Manchester 2017). At the time of this writ-
ing, 554 glitches have been detected in 191 pulsars1 (Es-
pinoza et al. 2011). The very long post-glitch relaxation,
lasting from days to years, reveals the presence of superfluid
components in NSs (Chamel 2017). Glitches themselves are
thought to be the manifestations of superfluidity (Haskell &
Melatos 2015). These events are commonly interpreted as
sudden transfers of angular momentum from a more rapidly
rotating neutron superfluid to the rest of star due to the
catastrophic unpinning of quantised vortices. However, large
uncertainties remain concerning the dynamics of these vor-
tices. In particular, protons in the outer core of a NS are gen-
erally thought to form a type-II superconductor such that
the magnetic flux penetrates through fluxoids, each carry-
? E-mail: asourie@ulb.ac.be
† E-mail: nchamel@ulb.ac.be
1 http://www.jb.man.ac.uk/pulsar/glitches/gTable.html
ing a magnetic flux quantum φ0 = hc/(2e) ' 2 × 10−7 G cm2
where h is Planck’s constant, c the speed of light and e the
proton electric charge. The mean surface density of fluxoids,
Np ' 5 × 1018 B12 cm−2 where B12 = B/1012 G is the stellar
internal magnetic field, is huge compared to that of vortices,
Nn ' 6× 105/P10 cm−2 where P10 = P/10 ms is the observed
rotation period. Vortices may pin to fluxoids, and this may
affect significantly the dynamical evolution of the star (Al-
par 2017). Nevertheless, the role of the core superfluid on
the glitch rise remains to be investigated.
So far, the most detailed information come from the
large glitches recently detected in the Vela (Palfreyman et al.
2018; Ashton et al. 2019) and Crab pulsars (Shaw et al.
2018), revealing very different behaviours. The analysis of
the Vela glitch observed in Dec. 2016 suggests the presence of
an overshoot of amplitude2 ∆ fover ∼ 19−38 µHz, significantly
larger than the amplitude of the pulsar frequency jump at
the end of the rise stage, ∆ f ' 16 µHz. While the timescale τr
associated with the glitch rise is found to be shorter than ∼
12 s, a longer timescale has been deduced for the subsequent
decrease, τd ∼ 41−125 s. These two timescales are compatible
with observations of previous Vela glitches (Dodson et al.
2002, 2007). Furthermore, some evidence for the existence of
a precursor (in the form of a rapid slow-down preceding the
glitch) may have been found in the 2016 Vela glitch. On the
2 The amplitude ∆ fover given here corresponds to the magnitude
of the exponentially-decaying term plus that of the final frequency
jump, respectively denoted by ∆ fd and ∆ f in Ashton et al. (2019).
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other hand, a delayed spin-up, consisting of a first unresolved
frequency jump ∆ fshort over a short timescale τshort followed
by a resolved spin-up with an amplitude ∆ flong over a longer
timescale τlong, have been detected in the 1989, 1996 and
2017 Crab glitches (Lyne et al. 1992; Wong et al. 2001; Shaw
et al. 2018). The analysis of the 2017 Crab glitch has led
to ∆ fshort ' 14 µHz, ∆ flong ' 1.1 µHz, τshort ≤ 0.45 d
and τlong ' 1.7 d, corresponding to a total amplitude ∆ f =
∆ fshort +∆ flong ' 15 µHz, and a total rise time τr ∼ τshort +
τlong ∼ 2 d. Similar timescales have been deduced from the
analyses of the 1989 and 1996 glitches, but amplitudes ∼ 10
times smaller were observed. Finally, let us stress that the
spin-up stage has not been resolved for smaller Crab glitches.
The glitch rise is thought to be governed by mutual-
friction forces between the superfluid and the rest of the
star, arising from the dissipative forces acting on individ-
ual vortices (Haskell & Melatos 2015; Sourie et al. 2017;
Graber et al. 2018; Haskell et al. 2018). Recently, Haskell
et al. (2018) have suggested that the different spin-up evo-
lutions observed in the Vela and Crab pulsars could be ex-
plained by the different stellar regions (core vs crust) where
the glitch is driven. In this Letter, we explore the impact of
vortex pinning only in the outer core of NSs on the glitch
rise.
2 SMOOTH-AVERAGED HYDRODYNAMIC
DESCRIPTION
2.1 Forces on a single vortex
Let us consider a single neutron vortex pinned to Np pro-
ton fluxoids and moving with velocity viL (i = 1, 2, 3 denot-
ing spatial indices). The vortex is assumed to be evolving
in a mixture of superconducting protons, (degenerate) elec-
trons and superfluid neutrons at zero temperature. Although
the arrangement of fluxoids in the core of a NS may be
quite complicated, depending not only on the cooling and
magneto-rotational evolution of the star (Srinivasan et al.
1990; Ruderman et al. 1998; Jahan-Miri 2000) but also on
the nature of the phase transition (Haber & Schmitt 2017),
we suppose for simplicity that the Np pinned fluxoids are
aligned with the vortex (Ding et al. 1993; Ruderman et al.
1998). This assumption is actually not completely unrealis-
tic, at least at small enough scales (Drummond & Melatos
2017). Note that the pinned fluxoids are not necessarily su-
perimposed on the vortex. Vortex-fluxoid clusters may actu-
ally form naturally (Sedrakian & Sedrakian 1995). Here, Np
is an unknown parameter that could potentially be as large
as Nmaxp ∼ Np/Nn ' 1013 B12 P10. We further assume that
the vortex is straight, infinitely rigid and we ignore the ef-
fects of gravity giving rise to a buoyancy force (see Dommes
& Gusakov (2017) for a recent discussion).
We determine the force felt by a single vortex moving
in an asymptotically uniform superfluid mixture following
an approach originally developed by Carter et al. (2002) in
the relativistic framework, and later adapted to the New-
tonian context by Carter & Chamel (2005). Making use of
the results obtained by Gusakov (2019) for electrons, the
force acting on the vortex can be decomposed into three
parts: F i = F iMn + F iMp + F id , as shown in an accompanying
paper (Sourie & Chamel 2020). The neutron Magnus force
arising from the relative flow of superfluid neutrons with
velocity vin - v
i
L is given by
F iMn = −ρn εi jk κ κˆj (vn k − vL k ) , (1)
where ρn is the neutron mass density, κ = h/(2m) is the
quantum of circulation (m denoting the neutron rest mass,
taken to be equal to that of protons) and κˆi is a unit vector
oriented along the vortex. Likewise, the flow of protons with
velocity vip−viL relative to pinned fluxoids leads to a Magnus
type force
F iMp = −ρp Np εi jk κ κˆj
(
vp k − vL k
)
, (2)
where ρp is the proton mass density. The scattering of elec-
trons off the magnetic field carried by fluxoids, and to a
lesser extent that induced by entrained protons around the
vortex (Alpar et al. 1984), leads to the drag force
F id = −ρn κ ξ
(
viL − vip
)
, (3)
where ξ > 0 is the so-called drag-to-lift ratio.
2.2 Global averaging over many vortices
On length scales much larger than the intervortex separa-
tion, the electrically charged particles inside NSs are strongly
coupled and essentially co-rotate with the crust and the mag-
netosphere (Glampedakis et al. 2011). The outer core of a
NS can therefore be reasonably well described by means of
a two-fluid model, involving (i) a neutron superfluid mov-
ing with velocity vin and (ii) a (viscous) charge-neutral fluid
made of protons and electrons (simply labelled by ’p’ in the
following), moving with velocity vip. The two fluids are mutu-
ally coupled by friction forces induced by the drag force (3).
The smooth-averaged force per unit volume exerted by the
vortices on the superfluid (ignoring interactions between vor-
tices) is given by
f imf = −Nn F iMn . (4)
Solving the force balance equation of a single vortex
(neglecting its mass) F id + F iMn + F iMp = 0 for the vortex ve-
locity viL following standard procedure (Hall & Vinen 1956)
and substituting into (4) yield
f imf = −Nn ρn κ
(
B′ εi jk κˆjwpnk + B εi jk κˆjεklm κˆlwmpn
)
, (5)
where wipn = v
i
p − vin,
B = ξ
(1 + X)2 + ξ2
, B′ = 1 − 1 + X
(1 + X)2 + ξ2
, X =
xp
1 − xp Np ,
(6)
xp = ρp/(ρp + ρn) denoting the proton fraction. While ex-
pression (5) is formally similar to that obtained in the ab-
sence of pinning (Mendell 1991), pinning is found to affect
the actual values of the mutual-friction coefficients (6) by (i)
modifying the drag-to-lift ratio ξ, and (ii) inducing an extra
dependence on X due to the proton Magnus force (2). The
drag force remains poorly known. If the Np fluxoids and the
vortex are superimposed, ξ ∝ N2p (Ding et al. 1993) while
ξ ∝ Np according to the vortex-cluster model of Sedrakian
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Figure 1. (Colors online) Mutual-friction coefficients B and 1 −
B′ in the outer core of NSs as functions of the number Np of
pinned fluxoids for α = 1 (solid lines) and α = 2 (dashed lines).
Corresponding values for Np = 0 are indicated as horizontal lines.
& Sedrakian (1995). Given the current lack of knowledge,
we adopt the following parametrization3:
ξ = ξ0 ×
(
εp
)−2 × (Np)α if Np > 0 , (7)
where ξ0 is the drag-to-lift ratio in the absence of pin-
ning (Alpar et al. 1984; Mendell 1991; Andersson et al. 2006)
ξ0 = 4 × 10−4
ε2p(
1 − εp
)1/2 ( xp0.05 )7/6 11 − xp ρ141/6 , (8)
εp denoting the proton entrainment parameter, and ρ14 =
ρ/(1014 g cm−3) the mass density.
The mutual-friction coefficients are plotted in Fig. 1.
The following typical values for the other parameters were
adopted: εp = 0.05, xp = 0.07 and ρ14 = 2.7. The mutual-
friction coefficients B0 ≡ B
(
Np = 0
)
and B′0 ≡ B′
(
Np = 0
)
in the absence of pinning are displayed by horizontal lines
in Fig. 1. For both values of α, B  B0 for small enough
values of Np, while the opposite behaviour is observed at
higher Np. Moreover, B′ ' B′0 ' 0 for Np & 0, while B′ ' 1
at higher Np. Pinning may thus have a dramatic impact on
the mutual-friction force and on the superfluid dynamics of
NSs depending on Np. Similar conclusions can be drawn for
any real value of α.
3 ASTROPHYSICAL IMPLICATIONS FOR
PULSAR GLITCHES
3.1 Minimal model
To investigate the impact of core vortex pinning on the glitch
dynamics, we consider a ‘minimal’ model in which the NS is
simply described in terms of three dynamically distinct com-
ponents: (i) a ‘pinned’ neutron superfluid in the outer core
3 The factor of 1/ε2p is needed so as to recover known results for
a single fluxoid (Gusakov 2019).
where the magnetic field is predominantly toroidal and pin-
ning to fluxoids is expected to be the most effective (Haskell
et al. 2013; Gu¨gercinog˘lu & Alpar 2014), (ii) a ‘non-pinned’
neutron superfluid in the inner core, and (iii) the rest of the
star. In view of the strong entrainment in the crust (Chamel
2012), we assume for simplicity that only the core neutron
superfluid participates to the glitch. The third component,
simply referred to as ‘proton’ in the following, thus consists
of all charged particles (protons, leptons, nuclei in the crust)
and the crustal neutron superfluid. All three components are
rigidly rotating around a common axis, z say, at the angular
velocity Ω
pin
n , Ω
f
n and Ωp, respectively. The corresponding
moments of inertia are denoted by Ipinn , Ifn and Ip, and sat-
isfy Ipinn +Ifn+Ip = I, where I is the total moment of inertia of
the star. Due to magnetic couplings, the proton component
essentially rotates at the observed pulsar angular velocity Ω.
We further assume that the pinned and non-pinned
core superfluids are dynamically coupled to the proton fluid
through mutual friction only. Although such a simple pic-
ture is a priori inadequate to describe the long-term post-
glitch relaxation (for which additional processes such as vor-
tex creep occur), our model can nevertheless be safely ap-
plied to the short spin-up stage. For simplicity, the mutual-
friction coefficients associated with the pinned and non-
pinned core superfluids, respectively denoted by Bpin and
Bf, are supposed to be uniform and time independent.
In other words, each vortex in the pinned region remains
anchored to the same number Np of fluxoids during the
glitch rise. Mutual friction between the proton fluid and
the core superfluid X is accounted for through the torque
Γi
X
=
∫
X
εi jk xj fX k d
3V , where xi = r δir in spherical coordi-
nates, f k
X
is the relevant mutual-friction force (5) and the
integral is taken over the region X under consideration. Ne-
glecting entrainment effects between the fluids, and assum-
ing circular motion, the z−component of the torque sim-
ply reads Γz
X
= 2BX IXn ΩXn
(
Ωp −ΩXn
)
. The dynamics of the
glitch rise is thus governed by the following equations:
ÛΩp = − I
f
n
Ip
ÛΩfn −
Ipinn
Ip
ÛΩpinn +
Γext
Ip
, (9)
ÛΩfn = 2BfΩfn
(
Ωp −Ωfn
)
, (10)
ÛΩpinn = 2BpinΩpinn
(
Ωp −Ωpinn
)
, (11)
where Γext = I ÛΩ∞ stands for the external torque responsible
for the slow braking of the pulsar on long timescales with
spin-down rate ÛΩ∞.
3.2 Initial conditions and physical ingredients
In view of the lack of knowledge on the pre-glitch evolu-
tion, we simply assume that the proton component and
the non-pinned core neutron superfluid at the beginning
of the glitch (t = 0) are rotating with a lag correspond-
ing to the asymptotic post-glitch steady-state lag4: Ωfn(0) =
Ω0 + | ÛΩ∞ |/(2BfΩ0) where Ω0 = Ωp(0) (see, e.g., Pizzochero
et al. (2019)). On the other hand, the initial rotation rate of
4 These post-glitch steady-state lags are obtained by imposing
ÛΩfn = ÛΩpinn = ÛΩ∞ in Eqs. (10) and (11).
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the pinned core neutron superfluid is supposed to be given
by Ω
pin
n (0) = Ω0+ | ÛΩ∞ |/
(
2BpinΩ0
)
+δΩ0, where δΩ0 denotes
a small deviation to the post-glitch steady-state lag.
To solve Eqs. (9)−(11), the pulsar rotation rate Ω0,
the long-term spin-down rate ÛΩ∞, the initial lag δΩ0, the
mutual-friction coefficients Bf and Bpin, and the ratios Ifn/I
and Ipinn /I need to be specified. In what follows, Ω0 and ÛΩ∞
are directly taken from pulsar timing. The coefficient Bf in
the non-pinned region is given by B0, and the corresponding
drag-to-lift ratio by Eq. (8). In the pinned region, the coeffi-
cient Bpin is given by Eq. (6), with the prescription (7) and
suitable parameters. Typical values for the underlying pa-
rameters are: ε
pin
p ' 0.05−0.2, εfp ' 0.1−0.5 (see, e.g., Chamel
& Haensel (2006); Sourie et al. (2016)), xpinp ' 0.05 − 0.1,
xfp ' 0.05 − 0.4, ρpin ' (0.5 − 2)ρ0 and ρf ' (2 − 6)ρ0,
ρ0 ' 2.7 × 1014 g cm−3 being the nuclear saturation den-
sity (see, e.g., Pearson et al. (2018)). The ratios Ipinn /I and
Ifn/I are computed using the relations IXn /IX = 1 − xXp (as-
suming uniform densities in each region), where IX is the
total moment of inertia of region X, and If = I − I cr − Ipin,
I cr denoting the crustal moment of inertia of the star. Typ-
ical values are: I cr/I ' 0.01 − 0.05 (Delsate et al. 2016) and
Ipin/I ∼ 0.05 (Gu¨gercinog˘lu & Alpar 2014). Unlike the pre-
vious quantities, both the initial lag δΩ0 and number Np of
pinned fluxoids are essentially unknown. As shown in the
next section, the large range of possible values for Np could
account for the very different spin-up behaviours in the Crab
and Vela pulsars.
3.3 Applications to the Crab and Vela pulsars
As discussed in the Supplementary Material (SM), the set of
equations (9)−(11) can be solved analytically provided that
the variations of the separate angular velocities are neglected
with respect to those of the lags between the fluids appearing
in the right-hand side of the equations5 (see also Pizzochero
et al. (2019)). This analytical solution also allows for an
unambiguous definition of the relevant timescales governing
the dynamics of the glitch rise. The adopted values for the
different parameters are: ε
pin
p = 0.05, x
pin
p = 0.07, ρpin = ρ0,
εfp = 0.1, xfp = 0.2, ρf = 3ρ0, I cr/I = 0.03 and Ipin/I = 0.08.
This choice leads to Ip/I ' 0.21, Ifn/I ' 0.71 and Ipinn /I '
0.08. The initial pulsar frequency Ω0/2pi is fixed to 11.19 Hz
(resp. 29.64 Hz) for the Vela (resp. Crab) pulsar (Dodson
et al. 2007; Shaw et al. 2018). Focusing on the deviation
∆Ωp(t) = Ωp(t) − Ωpre(t) induced by the glitch event in the
evolution of the pulsar rotation rate, where Ωpre(t) = Ω0 +ÛΩ∞t is the rotation rate extrapolated from the pre-glitch
evolution, the actual value of ÛΩ∞ is unimportant.
Considering first the 2016 Vela glitch, the initial lag is
fixed to δΩ0 ' 1.351×10−3 rad s−1 so that the final glitch am-
plitude is ∆ f = 16 µHz (see Eq. (A.16) of the SM). The evo-
lution of the pulsar rotation frequency ∆Ωp/(2pi) is plotted
in the left panel of Fig. 2 for α = 1, with Np = 1 and 200, and
α = 2, with Np = 1 and 1500. These values lead to an over-
shoot of magnitude ∆ fover ' 41 µHz, a rise timescale τr ' 8 s
5 This assumption is well-justified given the very small observed
glitch amplitudes.
and a decrease timescale τd ' 57 s, in close agreement with
observations6 (see Sec. 1). The reason for which different val-
ues of Np (for a fixed α) lead to a similar spin-up evolution
is discussed in Sec. A2 of the SM. For intermediate values of
Np, the magnitude ∆ fover of the overshoot would be larger
and the rise timescale τr would be shorter, τd remaining al-
most constant (see Figs. A2 and A3 of the SM). Conversely,
for larger Np, the rise time would increase and the magnitude
of the overshoot would decrease until it disappears. Regard-
ing the 2017 Crab glitch, we set δΩ0 = 1.267× 10−3 rad s−1,
so that ∆ f = 15 µHz. The corresponding evolution of the pul-
sar frequency ∆Ωp/(2pi) is plotted in the right panel of Fig. 2
for α = 1 with Np = 1 × 107, and α = 2 with Np = 3 × 105.
Such large values of Np lead to a much smoother increase in
the pulsar rotation rate during the glitch rise (i.e., no over-
shoot), with a characteristic timescale τr ' 2 d, as observed
(see Sec. 1).
As shown in the SM, observations of glitch overshoots
set a lower bound on the moment of inertia of the non-pinned
superfluid
Ifn
I
≥ 1 − ∆ f
∆ fover
. (12)
The most stringent constraint so far comes from the 2004
Vela glitch (Dodson et al. 2007), from which we deduce7
∆ f ' 23 µHz and ∆ fover ' 77 µHz, leading to Ifn/I & 0.70.
Moreover, there exists a critical value Ncrit,αp of Np above
which no overshoot can ever occur. The presence (absence)
of an overshoot in Vela (Crab) glitches thus puts constraints
on the maximum (minimum) number of pinned fluxoids.
4 DISCUSSIONS AND CONCLUSIONS
The standard scenario according to which the neutron su-
perfluid in the core of a NS is strongly coupled to the crust
on short timescales and thus cannot take part to glitch
events (Alpar et al. 1984) must be revised if vortices are
pinned to Np (potentially up to ∼ 1013 B12 P10) proton flux-
oids. Using a three-component model, in which a pinned and
a non-pinned core superfluids are dynamically coupled to the
rest of the star through mutual friction, we have shown that
the evolution of the pulsar rotation rate during the rise of a
glitch can be very different depending on Np. While a fast
spin-up with an overshoot is expected for 1 ≤ Np ≤ Ncrit,αp ,
higher values lead to a smooth rise (on a longer timescale).
The value of Ncrit,αp is determined by the mutual-friction
coefficients. Vortex pinning can therefore account for the
very different glitching behaviours observed in the Vela and
Crab pulsars although the physical reason for different Np
remains to be investigated. The difference may lie in the spa-
tial arrangements of fluxoids, which in turn reflect different
evolutions of the internal magnetic field in these stars. More
6 The timescales τr and τd given for Vela correspond respectively
to the quantities τ− and τ+ introduced in the SM. For the Crab
(see below), τr stands for τ+, the lower timescale τ− ' 16.5 s being
completely negligible in this case.
7 We interpret the shortest timescale reported by Dodson et al.
(2007) as τd. In their notations, we thus have ∆ f = ∆Fp and
∆ fover = ∆Fp + ∆F1.
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Figure 2. (Colors online) Left panel: Evolution of the pulsar rotation frequency for parameters corresponding to the 2016 Vela glitch,
plotted with respect to the rotation rate Ωpre extrapolated from the pre-glitch evolution (i.e., in the absence of a glitch). Only the
rise stage is considered. Solid (resp. dashed) lines correspond to results obtained for α = 1 (resp. α = 2). The evolution for Np = 1 is
independent of α, see Eq. (7). Right panel: Similar to left panel, but for input parameters corresponding to the 2017 Crab glitch. The
smooth spin up and the absence of overshoot can be explained by much larger values of Np. See text for details.
information on the internal physics of NSs can be inferred
from the details of the glitch rise. In particular, observations
of an overshoot set a lower bound (12) on the moment of in-
ertia of the non-pinned superfluid. Allowing Np to evolve
may explain other observed features such as a spin-down
precursor or a delayed spin-up. Vortex pinning in the outer
core of NSs may thus play a crucial role, not only for the
postglitch relaxation (Gu¨gercinog˘lu & Alpar 2014) but for
all stages of the glitch dynamics.
As most previous studies, our analysis was carried out in
the Newtonian framework. Although general-relativistic ef-
fects may play a non-negligible role on the glitch rise (Sourie
et al. 2017), their impact remains much smaller than that
of vortex pinning. Still, our treatment remains very simpli-
fied. More realistic models require a better understanding
of the local dynamics of individual vortices and fluxoids, as
studied, e.g., by Drummond & Melatos (2018).
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APPENDIX A: DYNAMICS OF A GLITCH RISE
A1 Analytic solution
Introducing the shorthand notations i1 = Ifn/I, i2 = Ipinn /I
and ip = Ip/I = 1 − i1 − i2, the set of equations (9)−(11) of
the manuscript can be simply rewritten as
ÛΩp = − 1ip
(
i1 ÛΩfn + i2 ÛΩpinn + | ÛΩ∞ |
)
, (A1)
ÛΩfn = −
ip
τ1
(
Ωfn −Ωp
)
, (A2)
ÛΩpinn = −
ip
τ2
(
Ω
pin
n −Ωp
)
, (A3)
where | ÛΩ∞ | = − ÛΩ∞ and the timescales τ1 and τ2 are given
by
τ1 =
ip
2BfΩp
and τ2 =
ip
2BpinΩp
. (A4)
Note that we have neglected the very small deviations in
the angular velocities in the expressions for τ1 and τ2. Un-
like Bf (and thus τ1), the mutual-friction coefficient Bpin in
the pinned region (and therefore the coupling timescale τ2)
depends on the value of Np under consideration.
Supplemented by the initial conditions provided in
Sec. 3.2 of the manuscript, these equations can be solved an-
alytically. Assuming τ1 and τ2 to be constant (which is well-
justified given the very small observed glitch amplitudes)1,
the evolution of the pulsar rotation rate during the glitch
rise is expressible as (Pizzochero et al. 2019)
Ωp(t) = Ωpre(t) + ∆Ωp(t) , (A5)
where Ωpre(t) = Ω0 + ÛΩ∞ t corresponds to the value of the
stellar angular velocity extrapolated from the pre-glitch evo-
lution, while the glitch deviation ∆Ωp(t) reads
∆Ωp(t) = i2 δΩ0 −  Q + R
τ+
e−t/τ− +  Q − R
τ−
e−t/τ+ , (A6)
with
Q = 1 − i1 − β (1 − 2 i1 − i2) , (A7)
R =
√
[1 − i1 − β (1 − i2)]2 + 4βi1i2 , (A8)
 =
i2 τ1
2 (1 − i1 − i2) R
δΩ0 , (A9)
τ± =
2 β τ1
1 − i1 + β (1 − i2) ∓ R
, (A10)
β =
τ2
τ1
=
Bf
Bpin
. (A11)
Note that τ+ > τ− > 0, by definition.
A2 Characteristic timescales
The characteristic timescales τ+ and τ− (A10) governing
the evolution of the pulsar rotation rate during the glitch
rise (A6) are plotted in Fig. A1 for the two prescriptions
1 We recall here that Np is kept fixed during the glitch rise (see
Sec. 3.1 of the manuscript).
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Figure A1. Characteristic timescales τ+ and τ− (A10) as func-
tions of Np for α = 1 (solid lines) and α = 2 (dashed lines). The
red (resp. orange) vertical arrow indicates the value Ncrit,1p (resp.
Ncrit,2p ) of Np for α = 1 (resp. α = 2). See text for details.
α = 1 and α = 2 considered in the manuscript (see Sec. 2.2).
The rotation rate Ω0 is set to that of the Vela pulsar, i.e.,
Ω0 = 2pi × 11.19 rad s−1. The following values are taken for
the proton fraction, total density and proton entrainment
parameter in the pinned region: xpinp = 0.07, ρpin = ρ0 =
2.7 × 1014 g cm−3 and εpinp = 0.05. The same quantities in
the non-pinned region are fixed to: xfp = 0.2, ρf = 3ρ0 and
εfp = 0.1. The ratios I cr/I and Ipin/I are respectively set to
0.03 and 0.08. For each α, the critical value Ncrit,αp of Np
for which β = 1 is indicated by an arrow in Fig. A1. Values
of Np between 1 and Ncrit,αp correspond to β ≤ 1 (see also
Sec. A3).
As can be seen in Fig. A1, the upper timescale τ+ is
nearly constant (τ+ . 100 s) for 1 ≤ Np ≤ Ncrit,αp , whereas
it strongly increases with Np for Np > N
crit,α
p , reaching val-
ues possibly longer than months or years. Conversely, the
lower timescale τ− is found to be highly dependent on Np
for 1 ≤ Np ≤ Ncrit,αp , but is almost constant for higher
Np. In particular, there always exists two different values
of Np ≤ Ncrit,αp leading to the same τ− ≤ τ−
(
Np = 1
)
. The
origin of this degeneracy is to be found in the profile of Bpin
at small Np (see Fig. 1 of the manuscript).
The previous dependencies can be understood by look-
ing at the two limiting cases β  1 and β  1. For β  1,
the characteristic timescales τ+ and τ− reduce to
τ+ ' τ1 1 − i1ip =
1 − i1
2BfΩp
, (A12)
and
τ− ' τ2 11 − i1
=
ip
(1 − i1) 2BpinΩp
. (A13)
In the opposite limit β  1, τ+ and τ− simplify as
τ+ ' τ2 1 − i2ip =
1 − i2
2BpinΩp
, (A14)
and
τ− ' τ1 11 − i2
=
ip
(1 − i2) 2BfΩp
. (A15)
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Since Bf does not depend on Np (unlike Bpin), τ+ (resp. τ−)
is found to be independent of Np in the limit β  1 (resp.
β  1), i.e., for values of Np around the minimum of τ− (resp.
for Np  Ncrit,αp ), as observed in Fig. A1. In the absence of
pinning, τ+ ' 3426 s and τ− ' 43.5 s.
A3 Overshoot: condition and upper limit
From Eq. (A6), we deduce that the jump ∆Ω in the pulsar
rotation rate at the end of the glitch (t → +∞) is given by
∆Ω = i2 δΩ0 . (A16)
As discussed in Pizzochero et al. (2019), the pulsar rotation
rate during the glitch rise can actually exceed the final glitch
amplitude ∆Ω if some specific condition is fulfilled. Such an
overshoot is found to occur at the time
tover =
τ1β
R
ln
(
Q + R
Q − R
)
, (A17)
provided that Q > R or, equivalently, β < 1. The condi-
tion β = 1 determines a critical value Ncrit,αp of Np above
which no overshoot can ever occur. The adopted param-
eters yield Ncrit,1p ' 3589 and Ncrit,2p ' 5869. Assuming
X  1 and ξf0  1 with γ ≡
(
ε
pin
p
)2
ξ
pin
0 /ξf0 and yp ≡(
ε
pin
p x
pin
p
)2 /(1 − xpinp )2, we find
Ncrit,1p =
γ(
ξ
pin
0
)2
+ yp
, Ncrit,2p =
√
γ − yp
ξ
pin
0
, (A18)
ξ
pin
0 and ξ
f
0 being the drag-to-lift ratios for Np = 0 in the
pinned and non-pinned regions, respectively (see Eq. (8) of
the manuscript). These expressions reproduce the numerical
results with an error of about 0.7% (6 × 10−5%) for α = 1
(α = 2). No overshoot occurs for Np = 0 since the condition
β ≈ ξf0/ξ
pin
0 > 1 is satisfied for the adopted parameters.
The amplitude ∆ fover ≡ ∆Ωp(tover)/(2pi) of the over-
shoot, see Eqs. (A6) and (A17), is plotted with respect to
Np in Fig. A2. The initial lag is fixed to δΩ0 ' 1.351 ×
10−3 rad s−1 so that the final glitch amplitude (A16) is
∆ f = ∆Ω/(2pi) = 16 µHz, as observed in the 2016 Vela
glitch (Ashton et al. 2019). As shown above, an overshoot
only exists if 1 ≤ Np < Ncrit,αp . Since the amplitude ∆ fover of
the overshoot is found to increase with decreasing β, its max-
imum possible value is thus determined by the limit β  1:
∆ fover ≤ ∆ f1 − i1
, (A19)
as shown in Fig. A2. Using the normalization of the moments
of inertia, the inequality (A19) also leads to
i2 ≥
(
1 − I
cr
I
− i1
1 − xfp
) (
1 − xpinp
)
. (A20)
Values of the model parameters can be extracted by fitting
the full evolution of the pulsar rotation rate (Pizzochero
et al. 2019).
The evolution of the pulsar frequency ∆Ωp/(2pi) during
the glitch rise, as given by Eq. (A6), is plotted in Fig. A3
for different values of Np. Although only α = 1 is considered,
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Figure A2. Amplitude ∆ fover of the overshoot as a function of
Np for α = 1 (red solid line) and α = 2 (orange dashed line).
The final glitch amplitude ∆ f = ∆Ω/(2pi) (A16) is indicated by an
horizontal blue line and corresponds to that observed in the 2016
Vela glitch (Ashton et al. 2019). The upper limit (A19) is also
displayed with an horizontal dashed line. See text for details.
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Figure A3. Evolution of the pulsar frequency ∆Ωp/(2pi),
Eq. (A6), during the glitch rise for different values of Np using
α = 1. Numbers on the curves represent the values for Np.
results for α = 2 are qualitatively similar. As previously dis-
cussed, an overshoot only occurs if 1 ≤ Np < 3589, while
a much smoother increase in the rotation rate is observed
for values of Np outside this range, with a characteristic rise
timescale corresponding to τ+.
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